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Introduction
The weighted Hardy operator was defined in [4] as:
where ψ : [0, 1] → [0, ∞) is a measurable function. Xiao [36] proved the boundedness of H ψ on either L p (R n ), 1 ≤ p ≤ ∞ or BM O(R n ). Moreover, he workout on corresponding norms as well. Fu et.al [13] ensured that H ψ is bounded on central Morrey spaces and λ-central BM O spaces. It is important to mention here that the corresponding norms were also obtained. For more detail about boundedness of H ψ , see [11, 24] . Interestingly, when ψ ≡ 1 and n = 1, the weighted Hardy operator is reduced to classical Hardy operator [18] which is defined as follows.
Hf (x) = 1 x
x 0 f (t)dt, x > 0, (1.1) which satisfied the below inequality:
The constant p/(p − 1) in (1.2) was shown sharp. The Hardy operator in higher dimensional Euclidian space R n was given by Faris see [8] , which is stated as:
Hf (x) = 1 |x| n |y|≤|x| f (y)dy.
Over the years Hardy operator has gained significant amount of attention due to its boundedness properties. For complete understanding of Hardy type operators we refer the reader to see [5, 10, 12, 16, 36] and the references therein.
In the past few decades, p-adic analysis gained impeccable attraction in the field of p-adic harmonic analysis [19, 20, 21, 22, 26, 28, 29] and mathematical physics [30, 32] . Moreover, p-adic analysis has tremendous applications in the likes of spring glass theory [2] , string theory [31] , quantum mechanics [32] and quantum gravity [1, 3] .
For a fixed prime p, it is always possible to write a nonzero rational number x in the form x = p γ m/n, where p is not divisible by m, n ∈ Z, and γ is an integer. The p-adic norm is defined as follows: |x| p = {0} ∪ {p −γ : γ ∈ Z}. The p-adic norm | · | p fulfills all the properties of a real norm along with a stronger inequality:
The completion of the field of rational number with respect to |.| p leads to the field of p-adic numbers Q p . In [32] , it was shown that any x ∈ Q p \{0} can be represented in the series form as:
The space Q n p = Q p × ... × Q p consists of points x = (x 1 , x 2 , ..., x n ), where x i ∈ Q p , i = 1, 2, ..., n. The norm on Q n p is given by |x| p = max
The ball B γ (a) and the corresponding sphere S γ (a) with center at a ∈ Q n p and radius p γ in non-Archimedean geometry are defined as follows.
Since the space Q n p is locally compact commutative group under addition, it cements the fact from the standard analysis that there exists a translation invariant Haar measure dx. Also, the measure is normalized by
where |B| H represents the Haar measure of a measurable subset B of Q n p . Furthermore, one can easily show |B γ (a)| = p nγ , |S γ (a)| = p nγ (1 − p −n ), for any a ∈ Q n p . On the other hand, weighted Hardy operator in p-adic field was defined in [27] and is as follows.
where ψ is a nonnegative function defined on Z * p . In the same paper it was shown that H p ψ is bounded on L q (Q n p ), 1 ≤ q < ∞ and BM O(Q n p ). The corresponding norms were also obtained. In 2013, authors in [7] acquired the boundedness of H p ψ on p-adic Herz type spaces. They also established the operator norm. Furthermore, weighted p-adic Hardy operator and its commutator on p-adic central Morrey spaces were discussed in [34] . Clearly, if ψ ≡ 1 and n = 1, we get the p-adic Hardy operator on Q p which is defined by
Whereas, for a nonnegative measurable function f on Q n p , Fu et al. [14] defined the n-dimensional p-adic Hardy operator as follows.
In recent times, boundedness of p-adic Hardy type operators has attracted many researchers see, for instance [14, 16, 23, 33, 35] . Next, we shift our attention towards the multilinear case of an operator. It is worhwhile mentioning here that multilinear operators are widely studied in the past. Multilinear operators are not only generalization of linear one but also occur naturally time and again in analysis. For better understanding of multilinear operators we refer articles including [6, 9, 15] . The weighted multilinear Hardy operator was defined by Fu et al. [9] and is follows.
where ψ is a nonnegative function defined on [0, 1] × · · · × [0, 1]. In the same paper, authors studied the boundedness of the very operator on the product of Lebesgue spaces and central Morrey spaces. Moreover in [17] , it was also shown that weighted multilinear Hardy operators are bounded on the product of Herz type spaces. On the other hand, in the p-adic harmonic analysis multilinear operators has played a vital role, for example [23, 25] and the reference therein. The weighted multilinear Hardy operator in the p-adic fields was defined in [25] and is as follows. Let x ∈ Q n p , m ∈ N and f 1 , · · ·, f m be nonnegative measurable functions on Q n p , then
where ψ is a nonnegative measurable function on Z * p × · · · × Z * p . Authors obtained the sharp bounds of weighted multilinear p-adic Hardy operator on the product of Lebesgue spaces and Morrey type spaces.
We denote H p,m, * ψ , the dual operator of weighted multilinear p-adic Hardy operator and is defined as follows. Let x ∈ Q n p , m ∈ N and f 1 , · · ·, f m be nonnegative measurable functions on Q n p , then we have:
where ψ is a nonnegative measurable function on Z * p × · · · × Z * p . Motivated from above results, the purpose of this article is to establish a sufficient and necessary condition of weighted multilinear p-adic Hardy operators on the product of Herz spaces and Morrey-Herz spaces. Before moving to our main results, let us specify that χ k is the characteristic function of a sphere S k . Also we recall the definition of homogeneous p-adic Herz spaces and homogeneous p-adic Morrey-Herz spaces. In the current section we guarantee the boundedness of weighted multilinear Hardy operator and its adjoint on the product of Herz spaces. We also obtain the corresponding norms of both operators. The main results of the section are as follows. The proof of Theorem (2.2) can be obtained similarly to the proof of Theorem (2.1). So, we only prove Theorem (2.1) Proof of Theorem 2.1: We will prove the Theorem only for m = 2 which will work for all m ∈ N. Since 1/q = 1/q 1 + 1/q 2 , applying Minkowski's inequality and Hölder's inequality to have:
Now for each t 1 , t 2 ∈ Z * p , there exists non-negative integers m, l such that |t 1 | p = p −m and |t 2 | p = p −l . Therefore, we easily have:
Hence, by means of Minkowski's inequality and Hölder's inequality together with 1/p = 1/p 1 + 1/p 2 and α = α 1 + α 2 , we get:
Hence,
From (2.5), first part of Theorem is followed. Conversely, let H p,2 ψ be bounded fromK α1,p1 q1 (Q n p ) ×K α2,p2 q2 (Q n p ) toK α,p q (Q n p ). For 0 < ǫ < 1, we let
It is quite evident that f 1 χ k = f 2 χ k = 0 for k < 0. Our interest lies only for k ≥ 0. So, we proceed as follows:
In a similar fashion, we have
Similarly,
It is obvious to see that when |x| p < 1 then H p,2 ψ (f 1 , f 2 ) = 0. So, we are down to the case |x| p ≥ 1. We will evaluate the case as:
Now for k ≤ 0, we have H p,2 ψ (f 1 , f 2 )χ k = 0. So, the interest is left only for k ≥ 0. By the definition of Herz space, we have:
Now for any l ≤ k, we get
Since q 1 = q 2 = 2q, 1/p = 1/p 1 + 1/p 2 and p 1 = p 2 = 2p, we have:
We take ǫ = p −l , l = 0, 1, 2, 3, ..., then letting l → ∞, we have ǫ → 0. Ultimately, we get
From (2.6) and (2.7), we get the required proof. The proof of Theorem (3.1) and (3.2) are more or less same. So, we just prove Theorem (3.1). Proof of Theorem 3.1: From the previous theorem, we have:
For 1/p = 1/p 1 + 1/p 2 , α = α 1 + α 2 and λ = λ 1 + λ 2 . Applying Hölder's inequality together with Minkowki's inequality, we are down to: 
